Theory of trimagic Squares
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Definitions

S1 is the magic sum of the regular magic square of order m.

S2 is the magic sum of the second powers and

S3 the magic sum of the third powers of the numbers.

Let T = A ( B  be a trimagic series with

A the subset of all odd and B the subset of all even integers of T.

NA : = |A| is the number of odd integers within the series T.

SA1 be the sum of the odd integers of the series (= sum of the elements of A).

SA2 be the sum of the second powers and

SA3 the sum of the third powers of the odd integers.

SB1, SB2, SB3 may be defined analogous for the even integers.

Formula 

S1 = m ( (m2 + 1) / 2

S2 = S1 ( (2m2 + 1) / 3

S3 = S12 ( m

Elementary statements

Modulo 8, 4, 2:
j3 ( j for all j (A
( SA1 ( SA3
(1)

 
j2 ( 1 for all j (A
( SA2 ( NA
(2)

 
k3 ( 0 for all k(B
( SB3 ( 0
(3)

Modulo 4:
SB3 ( SB2 ( 0

(4)

Modulo 2:
SB3 ( SB2 ( SB1 ( 0
(5)

The Modulo-2-Criterion

(1) and (5)  (  S1 ( S3 modulo 2
(6)

There are no trimagic series of singly even order.

In this case S1 is odd and S3 is even. S1 and S3 are not equivalent modulo 2.
The Modulo-2-Criterion is not fulfiled.

How many odd numbers do trimagic series have?

S1 ,  S2  and  S3  are known. We search NA.

Modulo 4:


S3 ( SA3 + SB3

 
(3)  SB3 ( 0  
(
S3 ( SA3

 
(2)  SA3 ( SA1
(
S3 ( SA1

 
SB1 ( S1 – SA1
(
SB1 ( S1 – S3
(7)

Case 1:  S1 ( S3 modulo 4 

Modulo 4:
S1 ( S3  and  (7) (  SB1 ( 0

( The number of singly even integers is even  ( 

Modulo 8:  
SB2 ( 0  ( SA2 ( S2  ( NA ( S2

Case 2:  S1 ( S3 modulo 4 

Modulo 4:
 S1 ( S3  and  (6) ( S1 – S3 ( 2  

 
(7)  (  SB1 ( 2

( The number of singly even integers is odd  (
Modulo 8:  
SB2 ( 4  ( S2 ( SA2 + 4  ( NA ( S2+4

Examples
Order 9

S1 = 369 ( 1 mod 4
S3 = 1 225 449  ( 1 ( S1 mod 4
S2 = 20 049 ( 1 mod 8

· A trimagic series has 1 or 9 odd integers.

The regular magic square has 41 odd integers.

The only possible combination of trimagic series is:

4 rows with 9 odd integers and 5 rows with 1 odd integer ( 4 ( 9 + 5 ( 1 = 41 ).

· 4 rows will consist of odd integers only.

· Each column must have at least 4 odd integers.

This is only possible, if each column contains a trimagic series with 9 odd integers.

·  There are no trimagic squares of order 9.

Order 10

S1 = 505 ( 1  mod 2
S3 = 2 550 250 ( 0  mod 2

S1 ( S3  mod 2
· There are no trimagic squares of order 10.

Order 11

S1 = 671 ( 3 mod 4
S3 = 4 952 651  ( 3 ( S1 mod 4
S2 = 54 351 ( 7 mod 8

· Each trimagic series has exactly 7 odd integers.

· 11 rows will have 11 ( 7 = 77 odd integers

But a regular magic square of order 11 has only 61 odd integers.

· There are no trimagic squares of order 11.

Order 12

S1 = 870 ( 2 mod 4
S3 = 9 082 800  ( 0 ( S1 mod 4
S2 = 83 810 ( 2 mod 8

· NA  ( (2 + 4) ( 6 mod 8 

· A trimagic series has exactly 6 odd integers.

12 rows have  12 ( 6 = 72  odd integers.

A regular magic square has the same amount of odd integers.

It is no problem to find suitable arrangements of odd numbers in a 12 by 12 square.
It is very likely that trimagic squares of order 12 exist.

Order 13

S1 = 1105 ( 5 mod 4
S3 = 15 873 325 ( 5 ( S1 mod 4
S2 = 124 865 ( 1 mod 8

Trimagic series may have  1  or  9  odd numbers.

Only possible combination: 

9 rows with 9 odd integers and 4 rows with 1 odd integer ( 9 ( 9 + 4 ( 1 = 85 ).

Trimagic squares of order 13 may exist.

Example for an arrangement of the odd integers:
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Order 14

S1 = 1379 ( 1  mod 2
S3 = 26 622 974 ( 0  mod 2

S1 ( S3  mod 2
· There are no trimagic squares of order 14.

Order 15

S1 = 1695 ( 3 mod 4
S3 = 43 095 375 ( 3 ( S1 mod 4
S2 = 254 815 ( 7 mod 8

Trimagic series may have  7  or  15  odd numbers.

Only possible combination: 

14 rows with 7 odd integers and 1 row with 15 odd integer ( 14 ( 7 + 1 ( 15 = 113 ).

Trimagic squares of order 15 may exist.

Example for an arrangement of the odd integers:
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